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Double-Negation Translation: Five Ws

The theory:
» automatic theorem proving: classical logic
» other logics existing: need for translations

» in particular: proof-assistants
> related to the grounds:

* cut-elimination for sequent calculus
* extensions to Deduction Modulo

The practice:
» a shallow encoding of classical into intuitionistic logic
» Zenon modulo’s backend for Dedukti

= g%l

» existing translations: Kolmogorov’s (1925), Gentzen-Gédel’s (1933),
Kuroda’s (1951), Krivine’s (1990), - - -
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Double-Negation Translation: Five Ws

Objective, minimization:
» turns more formulae into themselves;
» shifts a classical proof into an intuitionistic proof of the same formula.
Today:
» first-order (classical) logic
the principle of excluded-middle
intuitionistic logic

A\

v

v

double-negation translations

v

minimization
if you're still alive:
* extension to Deduction modulo

* semantic Double-Negation translations
* cut elimination

v
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Theorem Proving
What do we prove ?

[Definition] Formula in Propositional Logic
atomic formula: P, Q, - -

special constants: L, T

assume A, B are formulee: AAB,AV B,A = B,-A

Example: P = Q,PAQ,QV -Q,L = (=-L1),---
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Theorem Proving
What do we prove ?
[Definition] Formula in Propositional Logic
atomic formula: P, Q, - -
special constants: L, T
assume A, B are formulee: AAB,AV B,A = B,-A

Example: P = Q,PAQ,QV -Q,L = (=-L1),---

[Definition] Formula in First-order Logic
atomic formula: P(t), Q(t, u),- -
connectives A, V, =, -, L, T

quantifiers ¥ and 4. Assume A is a formula and x a variable: YxA,
dxA

» new category: terms (denoted a, b, ¢, t, u) and variables (x, y).
Example: f(x), g(f(c),g(a,c)), ---
» Example: (YxP(x)) = P(f(a)), Jy(D(y) = ¥xD(x))
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Theorem Proving
What do we prove ? — Part 2

» a theorem/specification is usually formulated as:

assume A, B and C. Then D follows.
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Theorem Proving
What do we prove ? — Part 2

» atheorem/specification is usually formulated as:
assume A, B and C. Then D follows.

[Definition] Sequent

A sequent is a set of formulee Ay, - - - , A, (the assumptions) denoted I,
together with a formula B (the conclusion). Notation: I + B
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Theorem Proving
What do we prove ? — Part 2

» a theorem/specification is usually formulated as:
assume A, B and C. Then D follows.

[Definition] Sequent

A sequent is a set of formulee Ay, - - - , A, (the assumptions) denoted I,
together with a formula B (the conclusion). Notation: I + B

» examples:

* A+ A is a (hopefully provable) sequent

* P(a) + YxP(x) is a (hopefully unprovable) sequent
* ABrAAB,AH AL
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Theorem Proving
What do we prove ? — Part 2
» a theorem/specification is usually formulated as:
assume A, B and C. Then D follows.
[Definition] Sequent

A sequent is a set of formulee Ay, - - - , A, (the assumptions) denoted I,
together with a formula B (the conclusion). Notation: I + B

» examples:

* A+ A is a (hopefully provable) sequent

* P(a) + YxP(x) is a (hopefully unprovable) sequent
* ABrAAB,AH AL

» classical logic needs multiconclusion sequent
[Definition] Classical Sequent

A classical sequent is a pair of sets of formulae, denoted I' + A

* the sequent A, B + C, D must be understood as: Assume A and B.
Then C or D
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Theorem Proving
How do we prove ?

» we have the formulee and the statements (sequents), let’s prove them
» many proof systems (even for classical FOL)
» today: sequent calculus (Gentzen (1933))
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Theorem Proving
How do we prove ?

» we have the formulee and the statements (sequents), let’s prove them
» many proof systems (even for classical FOL)
» today: sequent calculus (Gentzen (1933))

The shape of rules:

premiss/antecedent premiss/antecedent
conclusion/consequent

T read this way, please

> in order for the consequent to hold - - -
» --- we must show that the antecedent(s) hold

Endless process ?
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Theorem Proving
How do we prove ?

» we have the formulee and the statements (sequents), let’s prove them
» many proof systems (even for classical FOL)
» today: sequent calculus (Gentzen (1933))

The shape of rules:

premiss/antecedent premiss/antecedent
conclusion/consequent

T read this way, please

> in order for the consequent to hold - - -
» --- we must show that the antecedent(s) hold

Endless process ?

The axiom rule The =g rule
ax A+B N
ArA A —B A
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Theorem Proving
How do we prove ?

» we have the formulee and the statements (sequents), let’s prove them
» many proof systems (even for classical FOL)
» today: sequent calculus (Gentzen (1933))

The shape of rules:
premiss/antecedent

premiss/antecedent

conclusion/consequent

> in order for the consequent to hold - - -
» --- we must show that the antecedent(s) hold

Endless process ?

T read this way, please

» First example of proof:
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Theorem Proving
How do we prove ?

» we have the formulee and the statements (sequents), let’s prove them
» many proof systems (even for classical FOL)
» today: sequent calculus (Gentzen (1933))

The shape of rules:

premiss/antecedent premiss/antecedent

conclusion/consequent

> in order for the consequent

tohold - --

» --- we must show that the antecedent(s) hold

Endless process ?

T read this way, please

The real axiom rule

The real =g rule

ax

LAFAA

A+B,A
[FA=B.A

=R

ax

» First example of proof: _AFA

FA
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The Classical Sequent Calculus (LK)

NnA,Br A

NMAABFA

LAFA

AL

BrA

NAVBFA
MN-AA

BrA

NA=B+rA
A A

L-ArA &
MA[c/x]+ A

IxArA

MA[t/x]+ A

VYXAFA

O. Hermant (Mines)

L

Vi

MN-AA

M B,A AR

N-A=BA

I A[t/x], A

I Ale/x], A

N-AABA

N-AB,A

— Ty
rFAvB,A ¢

NArB A
=R

MNAEFA

FroAA

FraxA A ¢

FTrvxA, A ¢
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Basic Examples

» commutativity of the conjunction:

AABrBAA
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Basic Examples
» commutativity of the conjunction:

A, B-rBAA

AABFBAA
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Basic Examples

» commutativity of the conjunction:

A,B+B A B+-A
A BrBAA
AANBErBAA

AR

AL
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Basic Examples

» commutativity of the conjunction:

X“ABrB ABFA
ABrBAA
ANBrBAA

AR

AL
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Basic Examples

» commutativity of the conjunction:

X“ABrB ABFA ix
ABrBAA R
AABFrBAA 'L

O. Hermant (Mines) Double Negations June 2, 2014

8/37



Basic Examples

» commutativity of the conjunction:

ax

X“ABrB ABFA
AR

A,B-rBAA
AANBrBAA

AL

> an alternative proof:

AABFA
AAB+-rBAA
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Basic Examples

» commutativity of the conjunction:

XABrB ABrA ?
ABrBAA R
AABrBAA 't
> an alternative proof:
ABrA ?
AABFAA;
AANBFrBAA
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Basic Examples

» commutativity of the conjunction:

X ABrB ABrA X
ABrBAA R
AABrBAA L
> an alternative proof:
Aezx ABrB ABrA a:L
ANBrB AABrA -

AANBFrBAA
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Basic Examples

» commutativity of the conjunction:

X ABrB ABrA X
ABrBAA R
AABrBAA L
> an alternative proof:
Aezx ABrB ABrA a:L
ANBrB AABrA -

AABFBAA
» this is an example of the liberty allowed by Sequent Calculus

O. Hermant (Mines) Double Negations June 2, 2014 8/37



Basic Examples

v

commutativity of the conjunction:

X ABrB ABrA X
ABrBAA R
AABrBAA L
> an alternative proof:
Aezx ABrB ABrA a:L
ANBrB AABrA -

AABFBAA
this is an example of the liberty allowed by Sequent Calculus

v

excluded-middle:

v

——— ax
ArA —g

FA -A
P Y
FAV-A 7
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More interesting examples

» uniform continuity implies continuity:

ax
PO FPOGY) 5 with )
Ploy) r yP(xy) (with x)
VxP(x,y) + AyP(x,y) Va (x fresh)
VxP(x,y) r Yx3JyP(x,y) ERI fresh
dyVxP(x,y) + Yx3AyP(x,y) L (y fresh)
» the converse is fortunately not provable:

stuck
AyP(x,y) + VxP(x,y)
AyP(x,y) v AyVXxP(x,y)
Vx3AyP(x,y) + Ay¥xP(x,y)

dg (with y)
Vi (with x)
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The Excluded Middle

[Theorem] Drinker’s Principle
In every bar, there is a person that, if s/he drinks, then everybody drinks. J

» paradoxical ? let’s prove it:
D(t), D(x) F D(X), ¥xD(x)
D(t) r D(x). D(X)=vxD(x)
D(to) + D(x),3y(D(y) = ¥xD(x))
D(ty) + YxD(x),3y(D(y) = YxD(x))
+ D(to)=VxD(x),3y(D(y) = ¥YxD(x))
r Ay(D(y) = ¥xD(x)),3y(D(y) = ¥xD(x))
+3dy(D(y) = ¥xD(x))

dp (with x 1)
VR (x fresh)

structural rule
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The Excluded Middle
[Theorem] Drinker’s Principle

In every bar, there is a person that, if s/he drinks, then everybody drinks. J

» paradoxical ? let’s prove it:
D(t), D(x) F D(X), ¥xD(x)
D(t) r D(x). D(X)=vxD(x)
D(to) + D(x),3y(D(y) = ¥xD(x))
D(ty) + YxD(x),3y(D(y) = YxD(x))
+ D(to)=VxD(x),3y(D(y) = ¥YxD(x))
r Ay(D(y) = ¥xD(x)),3y(D(y) = ¥xD(x))
+3dy(D(y) = ¥xD(x))
» basically: either someone does not drink or everybody drinks.

dp (with x 1)
VR (x fresh)

structural rule
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The Excluded Middle
[Theorem] Drinker’s Principle

In every bar, there is a person that, if s/he drinks, then everybody drinks. }

» paradoxical ? let’s prove it:
D(t), D(x) F D(X), ¥xD(x)
D(t) r D(x). D(X)=vxD(x)
D(t) F D(x),3y(D(y) = ¥xD(x))
D(ty) + YxD(x),3y(D(y) = YxD(x))
F D(tp)=V¥xD(x),3y(D(y) = VYxD(x))
F 3y(D(y) = ¥xD(x)).Jy(D(y) = ¥xD(x))
F3y(D(y) = ¥xD(x))
> basically: either someone does not drink or everybody drinks.
» not informative:
* no constructive witness (the “best man”)
* “Fermat’s theorem is true” or not “Fermat’s theorem is true”

dp (with x 1)
VR (x fresh)

structural rule
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The Excluded Middle

[Theorem] Drinker’s Principle
In every bar, there is a person that, if s/he drinks, then everybody drinks. }

» paradoxical ? let’s prove it:
D(to). D(x) r D(x), ¥xD(x)
D(t) r D(x). D(X)=vxD(x)
D(t) F D(x),3y(D(y) = ¥xD(x))
D(to) + YxD(x),Ay(D(y) = ¥xD(x))
F D(tp)=V¥xD(x),3y(D(y) = VYxD(x))
F 3y(D(y) = ¥xD(x)).Jy(D(y) = ¥xD(x))
+3Ay(D(y) = ¥xD(x))
» basically: either someone does not drink or everybody drinks.
» not informative:
* no constructive witness (the “best man”)
* “Fermat’s theorem is true” or not “Fermat’s theorem is true”
» PEM (A v —A for free) rejected by Brouwer, Heyting, Kolmogorov
(and all the constructivists).
* bad also for the “proof-as-program” correpondence (Curry-Howard

correspondence) until very recent advances (control operators)
O. Hermant (Mines) Double Negations June 2, 2014 10/837
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The Classical Sequent Calculus (LK)

NnA,Br A

NMAABFA

LAFA

AL

BrA

NAVBFA
MN-AA

BrA

NA=B+rA
A A

L-ArA &
MA[c/x]+ A

IxArA

MA[t/x]+ A

VYXAFA
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MN-AA

M B,A AR

N-A=BA

I A[t/x], A

I Ale/x], A

N-AABA

N-AB,A

— Ty
rFAvB,A ¢

NArB A
=R

MNAEFA

FroAA

FraxA A ¢

FTrvxA, A ¢
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The Intuitionistic Sequent Calculus (LJ)

T.ArA ¥
rABrA A re8
TAABFA 't F-AAB R
MNArFA I',BI-AV MrN-A . B Vs
AVBrA t rFAvB TFrAvVB
A BrA _ rArB R
TA=BFrA - A= B A
Mr-A - MLAF .
N-ArA Mr-A
M Ale/x]+r A I+ Aft/x] 3
LAXAr A © M F XA R
FLA[t/X]FA I+ Ale/x] y
TVXArA - M F VXA R
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Example of Proof
» commutativity of the disjunction. Attempt #1:

AvVBrBVA
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Example of Proof

» commutativity of the disjunction. Attempt #1:

AVBrB
AVBrBVA M
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Example of Proof

» commutativity of the disjunction. Attempt #1:

292

A+ B BFB%i
AVBrB !
AVBrBVA
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Example of Proof
» commutativity of the disjunction. Attempt #2:

AvBrBVA
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Example of Proof

» commutativity of the disjunction. Attempt #2:

AVBrA
AVBrBVA
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Example of Proof

» commutativity of the disjunction. Attempt #2:

777

YArA _BrA .,

AVBrA !
AVBrBVA
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Example of Proof

» commutativity of the disjunction. Attempt #3:

AvVvBrBVA
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Example of Proof

» commutativity of the disjunction. Attempt #3:

ArBVA B-rBVA
AVBr-BVA

Vi
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Example of Proof

» commutativity of the disjunction. Attempt #3:

\m;XAFA BFBaﬂm
ArBVA BrBVA )
AVBrBVA
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Example of Proof

» commutativity of the disjunction. Attempt #3:

VH:‘X ArA BrB aXVm
AFrBVA BrBVA v
AVB+rBVA
» compare with proofs in classical logic:
X BIB.A ArBA X ¥TArBA BrBA X
o BrBVA __ArBVA VA AVBrBA i
AVB+rBVA AVB+rBVA

> in particular, no intuitionistic proof of - A v —~A: does it begins with
VR1, or with Vgo ?
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Weakening the statements
The excluded-middle (A v —A):
> is not universal: the world is not Manichean ! (“with us, or against us”)
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Weakening the statements
The excluded-middle (A v —A):

> is not universal: the world is not Manichean ! (“with us, or against us”)
» Equivalent to double-negation principle: =—A = A.

Double-Negation Principle
—=A (“A is not inconsistent”) is equivalent to A
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Weakening the statements
The excluded-middle (A v —A):

> is not universal: the world is not Manichean ! (“with us, or against us”)
» Equivalent to double-negation principle: =—A = A.

Double-Negation Principle
—=A (“A is not inconsistent”) is equivalent to A J

*Still controversial: “If you are not innocent, then you are guilty”
* Exercises: Show, in classical logic, that+ A = (-—A) and + (——A) = A.
Harder: show + A v =A in intuitionistic logic + DN principle.
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Weakening the statements
The excluded-middle (A v —A):

> is not universal: the world is not Manichean ! (“with us, or against us”)
» Equivalent to double-negation principle: =—A = A.

Double-Negation Principle
—=A (“A is not inconsistent”) is equivalent to A J

*Still controversial: “If you are not innocent, then you are guilty”
* Exercises: Show, in classical logic, that+ A = (-—A) and + (——A) = A.
Harder: show + A v =A in intuitionistic logic + DN principle.

» from an intuitionistic point of view, —=—B is weaker than B:

— a
ArA &

AFAV-A

—|(A \% —|A),A +

=(AV-A)r-A
—l(A\/ﬂA)I-A\/—lA
—|(A \% —|A),—|(A \% —|A) +
AV AT structural rule

VR1

-

-

VR2

-

F —|—|(A Vv —|A)

O. Hermant (Mines)
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Double-Negation Translations
This drives us to try to systematically “weaken” classical formulae to turn
them into intuitionistically provable formulee: Kolmogorov’s Translation

pro = —-p (atoms)
(B A C)KO _ﬁ(BKo A CKO)
(B v C)KO —M(BKO Vv CKO)
(B N C)KO —|—|(BK0 = CKO)
)
)

(VXA = ——(¥xAK?)
(AxA)K0 = —~(AxAK0)

Theorem
[+ A is provable in LK iff T, JAKO | is provable in LJ.

Antinegation

4 is an operator, such that:
—A = A;
1B = =B otherwise.
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How does it work ?
Let us turn a (classical) proof of into a proof of its translation:
ax

ax

Ar-A

ArA —> -A,-A+
-AF--A
B — =
§ F(A) = (<A)
FASA s (A= A

Negation is bouncing:
» systematically: go from left to right, apply the same rule, and go from
right to left

-
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How does it work ?
Let us turn a (classical) proof of into a proof of its translation:
ax

ax

Ar-A

ArA — A -AF
-AF--A
B — =
5 F(A) = (~A)
FASA s (A= (AT

Negation is bouncing:
» systematically: go from left to right, apply the same rule, and go from
right to left
» many double negations are superflous: in the previous case, almost
each of them (not hard to see that - A = A has an intuitionistic proof)

-
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How does it work ?
Let us turn a (classical) proof of into a proof of its translation:
ax

ax

SAF-A L

ArA —> A, -AF
. Ar-A
F(--A) = (--A)
FA=SA — ((--A) = (--A) +
Negation is bouncing:
» systematically: go from left to right, apply the same rule, and go from
right to left
» many double negations are superflous: in the previous case, almost
each of them (not hard to see that + A = A has an intuitionistic proof)
» Congratulations ! This is the topic of this talk

-

=R

-

The Problem
Have the least possible —— in the translated formula. J

» what do we gain ? We preserve the strength of theorems.
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Remarks on LK and LJ

» left-rules seem very similar in both cases
» so, lhs formulae can be translated by themselves
» this accounts for polarizing the translations

Positive and Negative occurrences

An occurrence of A in B is positive if:
B=A
B =C x D [x = A, V] and the occurrence of A isin C orin D and
positive
B = C = D and the occurrence of A isin C (resp. in D) and negative
(resp. positive)
B =Qx C [Q =V, d] and the occurrence of A is in C and is positive

Dually for negative occurrences.
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The Classical Sequent Calculus (LK)

NnA,Br A

NMAABFA

LAFA

AL

BrA

NAVBFA
MN-AA

BrA

NA=B+rA
A A

L-ArA &
MA[c/x]+ A

IxArA

MA[t/x]+ A

VYXAFA
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M B,A AR

N-A=BA

I A[t/x], A

I Ale/x], A

N-AABA

N-AB,A

— Ty
rFAvB,A ¢

NArB A
=R

MNAEFA

FroAA

FraxA A ¢

FTrvxA, A ¢
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The Intuitionistic Sequent Calculus (LJ)

T.ArA ¥
rABrA A re8
TAABFA 't F-AAB R
MNArFA I',BI-AV MrN-A . B Vs
AVBrA t rFAvB TFrAvVB
A BrA _ rArB R
TA=BFrA - A= B A
Mr-A - MLAF .
N-ArA Mr-A
M Ale/x]+r A I+ Aft/x] 3
LAXAr A © M F XA R
FLA[t/X]FA I+ Ale/x] y
TVXArA - M F VXA R
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Light Kolmogorov’s Translation
Moving negation from connectives to formulae [DowekWerner]:

BXK =B (atoms)
(BAC)K = (=B A--CK)
(Bv C)K = (--BK v--CK)
(B= C)X = (--BK = --CK)
(VxA)K = ¥x--AK
(HXA)K = EIX—l—lAK

Theorem
[+ Ais provable in LK iff TX,=AK + is provable in LJ.

Correspondence

AKo — __AK

O. Hermant (Mines) Double Negations June 2, 2014

20/37



Polarizing Light Kolmogorov’s translation

Warming-up. Consider left-hand and right-hand side formulee:

LHS RHS
K — B = B
(B/\C)K = (--BK A -=CK) (B/\C)K = (==BK A-=CK)
K = (=-BK v --CK) (BvC)K = (--BK v--CK)
(B=C)X = (--BfK =--CcK) (B=C)K = (--BK = --CK)
) )
) )

X

X

(VxA)K = yx--AK (VxA)K = yx--AK
K = EIX—|—|AK (EIXA K = HX—|—|AK

Example of translation

((A Vv B) = C)K is —|—|(—I—|A Vv —|—|B) = --C
((AV B)= C)¥ is ==(-=AV-=B) = --C
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Polarizing Light Kolmogorov’s Translation

Warming-up. Consider left-hand and right-hand side formulee:

LHS RHS
Kt =B BX- =B
(B A C) Kt=( BKt A CKH) (B A C)K= = (==BK= A ==CK")
(BvC)Kt=( BKtv cK¥) (BVv C)K~ = (=-BK= v --CK~)
(B= C)ft =(--BX- = CcK*) (B=C)K =( BFt=--CK)
(VxA)K+ = vxAK+ (VxA)K= = Vx--AK-
(AXA)K+ = AxAK+ (IXA)K- = Ax—-—-AK-

Example of translation

((A \Y B) = C)KJr is —|—|(—|—|A \Y —|—IB) = C
(AvB)= C)fis(AVvB)=--C
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Results on Polarized Kolmogorov’s Translation
Theorem

If T + A is provable in LK, then K+, =AK- 1 is provable in LJ.

Proof: by induction. Negation is still bouncing. Example:

is turned into:

FK+, —|(—|—IAK_ A —|—|BK_), -AK= ¢
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Results on Polarized Kolmogorov’s Translation
Theorem

If T + A is provable in LK, then K+, =AK- 1 is provable in LJ.

Proof: by induction. Negation is still bouncing. Example:

T o
MN-AA M+ B,A
/\R T oD D DD oD DD DD DD«
FrN-AABA
is turned into:
ué YA
MKt SAK= —AK- Kt -BK=, = AK= ¢
B K+ —AK- a-AK MK+ —AK- —-=BK o
- FK+,—|AK‘ F==AKT A ==BK-

FK+, ﬂ(ﬂ—!AK_ A —|—|BK_), -AKT b
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Results on Polarized Kolmogorov’s Translation

Theorem

If T + A is provable in LK, then K+, =AK- v is provable in LJ.

Proof: by induction. Negation is bouncing. Example:

71'4 7r’2
1 T2 R s A rK+, =BK- —=AK-+
M-AA N B,A MK+ —AK- = AK- rK+, AK- | o=BK
S ============ becomes:::::::::::::::::::::::::
FEAA E;,Z& - f'K4_,-1Zl'<_ = '1-1/A'<_ A -1-1£3'(_
I'K+, —|(—|—|AK_ A —|—|BK_),—|AK_ F
Theorem

If TK+, —=AK= + is provable in LJ, then I + A is provable in LK.

Proof: ad-hoc generalization.

O. Hermant (Mines) Double Negations June 2, 2014

24/37



Godel-Gentzen Translation
Disjunctions and existential quantifiers (the only problematic ones) are
replaced by their De Morgan duals:

LHS RHS
ng e —|—|B ng = —|—|B
(A A B)gg = A99 A B9Y9 (A A B)Qg = A99 A B99
(A \Y B)gg = _|(_|Agg A —|ng) (A \Y B)gg = _|(_|Agg A —|ng)
(A = B)gg = A9 — B99 (A = B)gg = A99 — B99
(VXA)99 = VxA% (VXA)99 = VxA9%
(AXAY9I = —Vx—~A% (AxA)99 — —\/x-A%

Example of translation
((A \Y B) = C)gg is (—|(—|—|—|A A —|—|—|B)) = --C

Theorem
I+ Ais provable in LK iff 99, JA9 + is provable in LJ.

V.
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Polarizing Gddel-Gentzen translation
Let us apply the same idea on this translation:

LHS RHS
BP = B B" = —--B
(BAC)P = BPACP (BAC)" = BMACT
(BvC)P = BPvCP (BvC)" = =(=B"A=C")
(B=C) = B"=CP (B=>C)" = BP=>C"
(VXB)P = VxBP (YxB)" = VxB"
(IxB)P = 3AxBP (IxB)" = -V¥x-B"

Example of translation

((AV B) = C)Pis (~(-—-A A ~=-B)) = C
((AVB)= C)is ((AV B) = ~—C

Theorem ?
[+ Ais provable in LK iff 99, JA9 + is provable in LJ.

v
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A Focus on LK — LJ

> less negations imposes more discipline. Example:

m &
a 2 gp N 2AT AT E TP ABT AT
N-AA N B,A P, LA™ A" P, LA+ B"
R :::FEZ:/\:B:’:A:::: becomes :::::rg,jzn:;;n:/iér?::::

P, =(A"AB™), JA" +
» when A" introduces negations (3, v, = and atomic cases) ?? can be
—-g due to the behavior of A"

» otherwise A" remains of the rhs in the LJ proof.
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A Focus on LK — LJ

> less negations imposes more discipline. Example:

7 A
a e g LA TR TR BT AT
N-AA N-B,A P, LA™ A" P, A"+ B”
H:::FEZ:A:B:’:A:::: becomes ::::T—E’ZZ;:Z;XEI]::::: R

P, —|(An A Bn), JAN R
» when A" introduces negations (3, v, = and atomic cases) ?? can be
—-g due to the behavior of A"

v

otherwise A" remains of the rhs in the LJ proof.

A\

the next rule in w4 and > must be on A (resp. B).

A\

the liberty of sequent calculus is a sin! How to constrain it ?
» use Kleene’s inversion lemma
» or ... this is exactly what focusing is about !
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A Focused Classical Sequent Calculus

Sequent with focus

A focused sequent I' + A; A has three parts:
[Fand A

A, the (possibly empty) stoup formula

N . ;A

——
stoup

» when the stoup is not empty, the next rule must apply on its formula,

» under some conditions, it is possible to move/remove a formula
in/from the stoup.
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A Focused Sequent Calculus

FAr AN
NABF ;A M A:A M B;A
AL AR
LAABF ;A FTr AANB; A
RAF ;A rBr .:A M ;A BA
Vi \7:
LAVBF .:A FTr .;AVB,A
M A:A rBr .;A A B;A
=L =R
NA=B+ .; A - A=>B; A
MA[c/x]r .5 A 3 M 5 A[t/x], A 3
LIxAr ;A © M .;IxA,A 7
MLA[t/X]F 5 A v e Ale/x]; A
FTVxAr ;A O F Tr VxA;A 7
Fl—A;Af N .;AA |
—rl—.;A,A OCus —HA;A release

O. Hermant (Mines) Double Negations June 2, 2014 29/37



A Focused Sequent Calculus

F L3 AA
m release
Characteristics:

» in release, A is either atomic or of the form AxB, B v C or =B;

» in focus, the converse holds: A must not be atomic, nor of the form

dxB, B v C nor —B.
» the synchronous (outside the stoup) right-rules are dg, -5, Vg and
(atomic) axiom: the exact places where {.}" introduces negation

Theorem
If '+ Ais provable in LK then I + .; A is provable. J

Proof: use Kleene’s inversion lemma (holds for all connectives/quantifiers,
except dg and V).
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Translating Focused Proofs in LJ

Fl—A;Af N .;AA |
Tr GAA ocus TrA:A release

Theorem
If I+ A; A in focused LK, then TP, JA™ - A™in LJ

» release is translated by the — rule
» focus is translated by the —, rule
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Translating Focused Proofs in LJ

M- A A ‘ N .;AA |
Tr AN ocus Tr AL release
Theorem
If I+ A; A in focused LK, then TP, JA™ - A™in LJ J

v

release is translated by the —5 rule

v

focus is translated by the —; rule

» JA" removes the trailing negation on 37 (=¥=), V" (= A =), =" (=)
and atoms (——)

» what a surprise: focus is forbidden on them, so rule on the Ihs:

LKrule | dg | =r | VR ax.
Ldrule | YL | nop | AL | =L + ax.
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Going further: Kuroda’s translation
Originating from Glivenko’s remark for propositional logic:

Theorem [Glivenko]
if - A in LK, then - =—=A in LJ. J

Kuroda’s ——-translation:

B = B (atoms)
) — BKu 5 cKu
(Bv )k = BKuy cku
(B= C)kv = BKu o cKu
(VxA)KU = vx--AKU
(IxA)KU = xAKu

Theorem [Kuroda]
[+ Ain LK iff 1KY AR L in L. J

» restarts double-negation everytime we pass a universal quantifier.
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Combining Kuroda’s and Gentzen-Gddel’s translations

» work of Frédéric Gilbert (2013), who noticed:
@ Kuroda’s translation of ¥YxVyA

Vx-=VYy--A can be simplified: VxVy—--A

@ ——A itself can be treated a la Gentzen-Godel
@ and of course with polarization

Reminder:
Godel-Gentzen Kuroda
¢(P) = —=P y(P) = P

¢(AAB) = ¢(A) Ap(B) Y(AAB) = y(A) Ay(B)
e(AVB) = ==(p(A)ve(B) y(AVB) = y(A)Vvy(B)
¢(A = B) = ¢(A) = ¢(B) y(A=B) = y(A) = y(B)

p(AXA) = ——Axep(A) Y(IAxA) = Ixy(A)

o(YXA) = Vxg(A) Y(VxA) = Vx——y(A)
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Combining Kuroda’s and Gentzen-Gddel’s translations

» How does it work ?

GG Kuroda
¢(P) = P y(P) =
(AAB) = ¢(A) Ag(B) Y(AAB) = w(A)m/f( )
p(AVB) = —=(p(A) Vv ¢(B)) Y(AvB) = y(A) Vvy(B)
¢(A=B) = ¢(A) = ¢(B) Y(A=B) = y(A) = y(B)
@(IxA) = —-Ixp(A) Y(IxA) = Ixy(A)
¢(YxA) = VYxp(A) Y(VXA) = Vx-—y(A)
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Combining Kuroda’s and Gentzen-Gddel’s translations

» How does it work ?

RHS LHS Kuroda
@(P) = P x(P) = P w(P) = P
AANB) = ¢(A)Ap(B)  x(ANB) = x(A)AX(B)  U(ANE) = U(A)AU(E)
GAVE) = —u(A)Vu(B) x(AVE) = x(A)vx(B)  U(AVE) = u(A)Vu(B)
A= B) = x(A)=>¢(B)  x(A=B) = u(A)=x(B) w(A=B) = (A)=u(E
P(IxA) = ~-3ru(A) X(FA) = Bxe(A) W) = Beu(A)
A(VxA) = Vxg(A) x(1A) = Vxe(A) w(¥xA) = Vxo(A)

» How to prove that ? Refine focusing into phases.

Example of translation
x(AvB)=C)is(AvB)=C
¢(AvB)=C)is(AvB)=--C
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ax

NAF .;AA
NLABr . A e A;A Tk B;A
AL AR
NAABr ;A N AAB; A
LAr ;A T,Br ;A v ;A BA
Vi VR
NAvVBr ;A N .;AvBA
- A;A  T,Br ;A NAr B:A
=L =R
NA=B+ .; A ' A=>B; A
MA[c/x]F .5 A 3 Me 5 A[t/x], A
LaxAr ;A F e ;dxA,A 7
FLA[t/X]F 5 A v M Ale/x]; A
LYxAr ;A * Tk VxA;A 7
Fl—A;Af N .;AA |
Tr AN ocus TrAA release
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Results
Theorem [Gilbert]
if [o, =My F A; A in LKy then x(To), (1), ~(A) + ¢(A) in LJ.

Theorem [Gilbert]

A — ¢(A) is minimal among the ——-translations.

» 58% of Zenon’s modulo proofs are secretly constructive
» polarizing the translation of rewrite rules in Deduction modulo:

* problem with cut elimination: a rule is usable in the Ihs and rhs
* back to a non-polarized one

* further work: use polarized Deduction modulo
» further work: polarize Krivine’s translation
What you hopefully should remember:

» Focusing is a perfect tool to remove double-negations;
» antinegation ..
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