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Deduction modulo [Dowek, Hardin & Kirchner]

Original idea: combine automated theorem proving with rewriting

Generalized to: combine any first-order deduction process with rewriting
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Deduction modulo [Dowek, Hardin & Kirchner]

Original idea: combine automated theorem proving with rewriting

Generalized to: combine any first-order deduction process with rewriting

Example: Classical Sequent Calculus Modulo

» first-order logic: function and predicate symbols, logical connectors
A, V, =, quantifiers ¥, 3 and constants T, L
LK 4+ N-AA MArA

FeB.A COWR T TEIA

» where Conv rules are applicable whenever A = B, the congruence
generated by rewriting.

Conv-L
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Generating the congruence

Proposition Rewrite System

P — A where P is an atomic formula, A is a formula and the free
variables of A are contained in P.
A proposition rewrite system R is a collection of such rewrite rules.

One-step Rewriting formulae
A formula B rewrites in one step to C, noted B — C if:

there is a rewrite rule P — A € R, a substitution o, B = Po and
C = Aoc.

B = B4 o By, O is one of the connectives Vv, A, = and:

By — Bj and C = B{OB; ; or B, — Bj and C = By0B;.

etc ...
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Generating the congruence

Rewriting formulee

A formula A rewrites in one step to B, noted A —* B if:
Ais B
A—*A’and A’ — B

Congruence

Two formula A and B are congruent, noted A = B iff:
A—*BorB—*A
there exists A’ such that A = A’ and: A’ —* Bor B —* A’.
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Deduction System I: classical sequent calculus

i MrFAA Mo, ArA
axiom 1 s £21 25 2
FAFAA O cut
M A, A Mo+ B, A Ar A BrA |

F1,TaF AAB, Ay, A LAABFA 'V

ArB,A M,B+ Ay Mo FA A
= =
NrN-A=BA M,M,A=Br A Ap

M A[x], A vor. x fresh LAt A VL any ¢
——————— V-, xfr — V-,
FrvxAx.a 0 XTes FVXA[X] F A y
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Deduction System I: classical sequent calculus

axiom,A=B

F1 |—A,A1 rg,Bl-Ag

rArB,A PRIV cut, A=B
Mk AA, 2k B.A _ LABrA -
FT,rC.ALD, AL, C=AAB FCra A, C=ANAB
MNArB A _ I,BFr Ay MrA A, _
FrcA =1C=A=>8B FHCr b A, =1, C=A=>8B
F-Al.A V-r, x fresh, C = VxA LAMF A V-l t,C=VxA
A -1, x fresh, C = VxA[x] TCra -l, any t, C = VXA[X]
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Deduction System II:

intuitionistic natural deduction

r’AFAaxmm
r'YAT+B i I'FA/\BA_e FFA/\B/\_G2
FrN-AAB M- A +B
NA+B r'rA=B rcA
L AN, =-e
FA=B reB
M Al V-, x free I_FVXA[X]\z’e any t
[ VXA rrag oY
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Rewriting relation

> on terms:

XxX+0 — x
x+S(y) — S(x+y)

» on atomic formulae:

Null(0) — T
Null(S(x)) — 1L
A — A=A

(the last one is very bad)
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Examples of theories expressed in Deduction Modulo

arithmetic

v

» Zermelo’s set theory
» a subset of B set theory
» simple type theory (HOL)
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What about cut-elimination ?

{ + even(0)

even(n) + even(n + 2)

+ even(0) even(0) + even(2)

Cut + even(2)

» axiomatic cuts
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What about cut-elimination ?

x+0 - X
x+sy) = s(x+y)
even(0) - T
even(x +2) — even(x)
kT -
+ even(2) Convr
or even:
kT §
+ even(4) Convr
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Cut-elimination implies consistency. . .
and we must pay the prize

= =
Consistency Cut elimination Normalization

£ e

J L

L minimal counterexample :A—->A =B

ReR - Vyy~R=>yeR=8B

convergent counterexample : { Y27 > Vy(xey—zey)

L minimal counterexample :A—->A=A

convergent counterexample : { y~z - Yy(xey=zey)
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Polarized Deduction Modulo

Positive and Negative Occurrences

A occurs positively (resp. negatively) in a formula C if C is:
A (resp. no valid condition)
C1oCy, Ois Vv, A and A occurs positively (resp. negatively) in Cq or Co
Cq1 = C», and A occurs positively (resp. negatively) in Co or
negatively (resp. positively) in Cy
—C4 and A occurs negatively (resp. positively) in Cy.
etc ...
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Polarized Rewrite System
We split the rewrite system R into two sets R and R~:

P1 — 4 A1
P2 —>_ A2

One-step positive rewriting
A formula B rewrites in one step positively to C (written B —™ C) if:
it rewrites in in one step to C,

we use a positive rewrite rule P — Aq (resp. negative rewrite rule
P2 —>+ Ag),

and the rewritten instance of Py occurs positively (resp. negatively) in
B

Define aswell B—_ C, B —* Cand B —f C. J
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Note on =

Aq

An+1

o = = = A
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Note on =

A Az e Anti

By B B,

This defines a form of congruence:

Negative and positive congruence

A =_ B iff:
A is B; or
A=_C,andB —T CorC —~ B;or
C=_B,andC—TAorA —"C.

A =, B is defined the same way, or directly as: B =_ A.
Transitive, reflexive but not symmetric !
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Note on =

A An+1

1 A2 e
\ +/ \ +/// \\\- ./
"3 N
B B, B,

This definition (and the picture) accounts for:

A —_ Bi4 — B

A+ By Ao+ An+1
Ar + Anii

cut, Ao «— Ay — 4 By

Or, less symmetrically, to:

By + Any1

By —_ Byi «— Ag
By + A3 Bs + Ant1
Ay —_ By «— By ﬁ B A cut, A3— «— Az —_ B3
F 3
! ! 2 n cut, Bjy «— Ay — By
A1+ Anii

Confluence as a cut elimination property [Dowek]
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Polarized Sequent Calculus Modulo

axiom, A —»* C* « B MrA A [,BrA;

cut, A* « C —>*B
rArB.A M, Mo F Ay A, -
MrAA  TerBle o anB LABrA i coianB
M.l C,A,Ap MCrA

r,AFB,A r1,B|-A1 rgl-A,Az

=1,C -, A=B =-,C->*A=8B

Nr-C,A M,M2,Cr Ay, A
MrA[x], A MA[t - A
%v-r,xfresh, C -7 VxA[x] F,C[%V_l’ any t, C —* YxA[x]
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Eliminating cuts

Mélanie facile cut elimination ?
I FLKm A I", —|At ] I", —|At FNJm Norm.
Mélanie standard ? + commutative cuts ?

The translation way through normalization.
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polarize-translating the rewrite rules

Translation of a rewrite system R®

Py — A — Py — Aﬂ
P —_ A <= P2 —_ A
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Results

if T + A in LK< modulo R, then 9, =A¢ + in LJ= modulo R® J

Proof. Mélanie’s work (extension).

If I + A in polarized LJ= modulo R then I + A in polarized Natural
Deduction modulo R

If I + A in polarized Natural Deduction modulo R with a proof free of cuts
and of commutative cuts, then I + A in polarized LJ= modulo R with a
cut-free proof.

If 19, -A9 + in polarized LJ= modulo R® without cut, then I + A in
polarized LK= modulo R without cut.

Proof. Mélanie’s work (extension).
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Further work

» achieve the plan

» is there a SC criterion for polarized DM ?
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